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Abstract

This document reviews foundational mathematical concepts frequently used in computer
science, data science, and engineering. Data science is fundamentally about making deci-
sions under uncertainty, and probability is the mathematical tool for modeling, analyzing,
and predicting random events. This review covers topics including functions, polynomi-
als, infinite series (geometric, Taylor), combinatorics (permutations, combinations, binomial
theorem), and integration techniques, all of which are essential for this analysis [1]. This
document combines notes originally prepared by Md Shahriar Karim [2] with theoretical
background from [1].
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1 Functions: Inverses and Properties

1.1 Inverse Functions
A function f is invertible if and only if it is a bijection, meaning it is both:

e One-to-one (Injective): Each element in the range is mapped to by at most one element
in the domain.

e Onto (Surjective): Each element in the range is mapped to by at least one element in
the domain.

When we invert a function, the range of the original function f becomes the domain for the
inverse function 1.

Example 1.1 (Finding an Inverse (Note Example)). Find the inverse of f(z) = % Let
y = f(z). We solve for x:
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1.2 Checking for One-to-One (Injective)

Therefore, the inverse function is f~1(y) = In < 1). Swapping variables to use x, we get:

A function is one-to-one if f(x1) = f(x2) implies z1 = z2.
Example 1.2 (Note Example). Is f(x) = ;—fg one-to-one? Set f(x1) = f(z2):
1+ 95 _xzat 5
xr1 — 6 - o — 6
(#1 4 5)(x2 — 6) = (v2 4 5)(x1 — 6)
r1x9 — 621 + g — 30 = 2129 + D1 — 6220 — 30

—6x1 + 5r2 = bxr1 — 629

llzo =111 = 1 = 29
Yes, the function is one-to-one.

A strictly increasing or strictly decreasing function (where f/'(z) > 0 or f'(z) < 0 for all z in
the domain) is always one-to-one.

Example 1.3 (One-to-one via Derivative (Note Example)). Is f(z) = ze
x € R? We check its derivative, f’(z):

** one-to-one for
f/( = (1 4 x? 4 3
)= (1) € +z- (e -4x°)
4 4
=% + 4z%e”

= 6$4(1 + 4z%)



Since e is always positive and (1+4z*) is always positive for any real z, f'(z) is always positive.
Because f’(x) > 0 for all z, the function is strictly increasing, and therefore it is one-to-one.

2 Polynomials
A polynomial of degree n is a function of the form:
f(@) = ana"™ + an_12" 4+ a1 +ag

The degree is the highest power of x with a non-zero coefficient.

2.1 Roots and Multiplicity
The roots of a polynomial are the values of x for which f(z) = 0.

The multiplicity of a root is the number of times it appears as a factor. For example, in
f(z) = (x — 2)3(z + 4)!, the root # = 2 has a multiplicity of 3, and the root # = —4 has a
multiplicity of 1.

The multiplicity of a root provides graphical information:
e Even multiplicity: The graph touches the x-axis at the root and turns around.

e Odd multiplicity: The graph crosses the x-axis at the root.
Example 2.1 (Note Example). Sketch f(z) = (z —2)%(z + 1).

e Roots are z = 2 (multiplicity 2, even) and x = —1 (multiplicity 1, odd).
e The graph will touch the x-axis at z = 2.

e The graph will cross the x-axis at z = —1.

Graph of f(x) = (x-2)?(x+1) Showing Root Multiplicity
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Figure 1: Graph showing root multiplicity.



3 Infinite Series and Approximations

Infinite series are used frequently in probability, such as when evaluating the expectation and
variance of random variables [1, Sec 1.1].

3.1 Geometric Series

A geometric series is a sequence where each term after the first is found by multiplying the
previous one by a fixed, non-zero number called the common ratio, r.

Example 3.1 (Motivating Example: Coin Flip [1]). Imagine you flip a fair coin until you get a
head.

e P(1 flip: H) = 3
e P(2flips: TH) = 4 x =1
e P(3flips: TTH) = 1 x 2

,...}, a geometric sequence with first term a = 1/2 and

~ X

The sequence of probabilities is
common ratio r = 1/2.

Probabilities of First Heads on k-th Coin Flip
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Figure 2: Histogram of a Geometric Sequence.

Theorem 3.2 (Sum of a Finite Geometric Series [1]). The sum of the first n + 1 terms of a
geometric series (starting from k = 0) with first term a and common ratio r is:

= 1 — pntl
Sn:Zark:a+ar+ar2+~-+ar”:a717r , r#£1
k=0
; -1 k _ 1—rnt!
For the simple case a =1: Y ) _r" = S

Corollary 3.3 (Sum of an Infinite Geometric Series [1]). If 0 < |r| < 1, the sum of an infinite
geometric series converges to:

a
1—r

o0
Soo:Zark:a—i—ar—i-arQ—i--“:
k=0

For the simple case a = 1: Y 72, rk = ﬁ This works because as n — oo, the term ™1

approaches 0.



Example 3.4 (Note Example). Compute Y 2, 2% This series is ¥ + % 4+ 15 + ... The first

term is @ = 1/4 and the common ratio is 7 = 1/2. Since |r| < 1, the series converges. Using the

infinite sum formula:
a /4 1/4 1
Seo = - ==
1—r 1- 1/2 1/2 2

Alternatively, factor out 1/4:
1 1,1 Iea(1\* 1/ 1 1 1
= (1444 )= (2] =2 (——)=--2==
4( Totgt ) 4?_(}(2) 4(1—1/2) 4 2

Corollary 3.5 (Derivative of Geometric Series [1]). By taking the derivative of the infinite series
formula >~72 rk = ﬁ with respect to r, we get a useful identity for 0 < |r| < 1:

d =, d( 1
m«;rdqa(l_r)

o
k=142 437 4 =
k=1

(1—r)?
Example 3.6 (Note Example). Compute > ;2 k - % We can manipulate this to match the

corollary:

Now apply the formula with » = 1/3:

3.2 Taylor and Maclaurin Series

Taylor approximation is a powerful tool for approximating complex, non-linear functions (like
log(1 + x)) with simpler polynomials. This is especially useful for analysis when z is close to a
certain point a, e.g., x < 1 [1, Sec 1.2].

Definition 3.7 (Taylor Approximation [1]). The Taylor approximation of an infinitely differ-
entiable function f(x) at a point = = a is:

f"(a)
2!

© ¢(m)(q
):an!()(fﬁa)n:f(a)+f’(a)(xa)+ (@—a)+...
n=0

When a = 0, this is called a Maclaurin Series.
Example 3.8 (f(z) = ¢” at a = 0 (Note Example)). All derivatives £ () are e*, so f(™(0) =
eV =1 for all n.

2 .3
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- Comparing log(1+x) with its Linear Approximation
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Figure 3: Linear approximation of log(1 + z).

Example 3.9 (f(z) = sinz at a = 0 (Note Example)). The derivatives at z = 0 follow a
pattern: f(0) =0, f/(0) =1, f”(0) =0, f(0) = —1, etc. Plugging these into the formula, all
the even-powered terms go to zero:
sm:c:O—l—ﬁx—i-O%—ix +O+§x + ...
N
Slnx—.ﬁl‘—yﬁ-a—ﬁ—'—

As you include more terms, the approximation becomes more accurate over a wider range.



Taylor Series Approximations of sin(x) at x=0
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Figure 4: Taylor approximations of sin(z).

4 Combinatorics

Combinatorics is the field of mathematics concerned with counting configurations of discrete
events.

Example 4.1 (Motivating Example: Birthday Paradox [1]). In a room of k people, what is the
probability that at least one pair shares a birthday? It’s easier to calculate the complement: the

probability that no one shares a birthday (assuming 365 days).
365
365
364
365

e Person 3: % (must be different from 1 and 2)

e Person 1: (can have any birthday)

e Person 2: (must be different from person 1)

e Person k: %Glgﬂ
The probability of all & people having different birthdays is:

. 365 x 364 x -+ x (365 —k + 1) 365! 1
P(all different) = 365F = 365 — B! X ook

For k = 50 people, P(all different) ~ 0.03. So, the probability of at least one match is
P(match) =1 —0.03 =0.97, or 97%!

4.1 Permutation

A permutation is an ordered arrangement of k items selected from a set of n distinct items
without replacement.

Theorem 4.2 (Number of Permutations [1]). The number of ways to choose k ordered items
from n is:

P(nk) =n(n=1)(n-2)...(n—k+1) = o



Example 4.3 (Note Example). How many ways to award 1st, 2nd, and 3rd prize (ordered)
from 100 contestants?

1000 100!
(100 — 3)! 97!

P(100,3) = =100 x 99 x 98 = 970, 200

Example 4.4 (String Permutations (Note Example)). How many permutations of the letters
ABCDEFG contain:

a) the string BCD? Treat (BCD) as a single block. We are permuting (BCD), A, E, F, G.
These are 5 distinct items. So, the total permutations is 5! = 120.

b) the strings BA and GF? Treat (BA) and (GF) as single blocks. We are permuting
(BA), (GF), C, D, E. These are 5 distinct items. So, the total permutations is 5! = 120.

c) the strings ABC and CDE? This implies the string must be (ABCDE). We are per-
muting (ABCDE), F, G. These are 3 distinct items. So, the total permutations is 3! = 6.

d) the strings CBA and BED? This is impossible, as the letter "B’ must be in two different
positions simultaneously. The number of permutations is 0.

4.2 Combination

A combination is an unordered selection of k items from a set of n distinct items without
replacement. The order of selection does not matter.
Theorem 4.5 (Number of Combinations [1]). This is also called "n choose k" or the binomial

coefficient.
_(n\ _ P(n,k) n!
Cln k) = (k) Tk K-k

We divide the number of permutations by k! because there are k! ways to order the k chosen
items, and in a combination, all those orderings are counted as one.

Example 4.6 (Note Example). How many 5-card poker hands (unordered) can be dealt from
a standard 52-card deck?

= 2,598,960

2 21 21
am@:<5>: > >

5) 7 5l(52—5)l _ 5147

Example 4.7 (Note Example). How many ways to select a 6-person crew (unordered) from 30
astronauts?

30 30! 30!
C(30,6) = <6> S HB0—6)  el2al 0BT

4.3 The Binomial Theorem

The binomial theorem uses combinations (binomial coefficients) to expand a binomial raised to
a power.
Theorem 4.8 (Binomial Theorem [1|). For any real numbers a and b and integer n > 0:

(a+b)" = Xn: (Z) ankpk

Example 4.9 (Note Example). Expand (z + y)*.

4 4 4 4 4
(z+y)t= <O> oty + (1)3033/1 + <2> z2y? + (3>x1y3 + <4) 20y

= 1zt + 423y + 62%9° + 42y + 1y*



Example 4.10 (Note Example). What is the coefficient of 2'2y!3 in the expansion of (x4 y)25?

The term with y'3 corresponds to k& = 13. The term is (25)3325_13y13 = (25)3312y13. The

13 13
c L (25 25! _ 25!

coefficient is (j3) = 131(25—13)! — 13M20"

Example 4.11 (Note Example). What is the coefficient of x12y!3 in the expansion of (2z—3y)
Let a = 22 and b = —3y. We need the term with b3, which corresponds to & = 13. The term

is (33)a® 1919 = (3 20)"2(~30) 1"

25 25
_ (13) 912,12(_3)13, 13 _ < >212(—1)13313x12y13

25?

13

. . |
The coefficient is —(32)212313 = —%212313.

Example 4.12 (Binomial Identities (Note Example)). By cleverly choosing a and b, we can
prove identities:

L Let a=1b=1: (1+1)" =0 (O F1)F = 2 =30 (D)
2. Leta=1,b=—1: (1—1)" =7 o (D) F(=DF — 0=30_o(—1)%(D)
3. Let a=1b=2 (1+2)" = Y3 ()" *(2)F = 8" = TR o2*(})

4.4 Pascal’s Identity

This identity shows how the coefficients in one row of Pascal’s triangle are formed from the row
above it.
Theorem 4.13 (Pascal’s Identity [1]). Let n and k be positive integers with 1 < k <mn. Then:

(0)=G2) ()



Visualizing Pascal's Identity: C(4,2) + C(4,3) = C(5,3)

Figure 5: Pascal’s Identity in the triangle.

5 Integration Techniques

Integration is a core concept in calculus, often used to find the area under probability density
functions to calculate probabilities.

5.1 Integration by Substitution

Used when an integrand contains a function and its derivative.
Example 5.1 (Note Example). [ 2z cos(z?)dz. Let u = 22, so du = 2zdx.

/cos(u)du = sin(u) + C = sin(2?) + C

Example 5.2 (Note Example). [23v1 —22dz. Let u = 1 — 2%, Then du = —2zdz = zdz =

10



—du/2. Also, 22 = 1 — u. Rewrite the integral:

/ V1 = 22y = / 22V/1 = 22 (wdz)

Jo-o(-4

_ ! /(u1/2 —u*?)du

2
:_1 iﬂ_ﬁ _|_C
23/2 52
1 1
:_§u3/2+5u5/2+0
1 1

= (1~ 2?)5/% — S(1- 23?4 C

5.2 Method of Partial Fractions

Used to integrate rational functions (a polynomial divided by another).

Example 5.3 (Note Example). Decompose %
o — 3 A B

(x 4+ 1)(x — 3) :x+1+$—3
Clear the denominator: 5z — 3 = A(z — 3) + B(x + 1).
o Let 1=3: 5(3)—3=A(0)+ B(3+1)=12=4B = B =3
o Letz=—1:5(-1)-3=A(-1-3)+B0) = 8= 44 = A=2

So,
or — 3 2 3

(z+1D)(x—-3) z+1 +CL‘—3
Example 5.4 (Partial Fractions with Repeated/Irreducible Roots (Note Example)). Decompose
%. The form includes a linear term for the irreducible quadratic (#? 4+ 1) and terms
for the repeated root (z —1).

-2z +4 _A:E+B+ C n D
(#2+1)(z—-1)2 2241 2-1 (z—1)2

Clear the denominator:
—22+4=(Az+ B)(x — 1)* + C(z* + 1)(x — 1) + D(z* + 1)
= Az +B)(z®> 204+ 1) +C(2® —2* +2— 1)+ D(z* + 1)
= (Az3 — 2A2® + Az + Ba® — 2Bz + B) + (Cx® — Cx* + Cx — C) + (D2 + D)

Group by powers of x:
—2r+4=(A+C)2* +(—24+ B - C+D)a*+(A-2B+C)z+ (B-C + D)
Equate coefficients:
L a3 A+C=0 = C=-A
2. 2% B—C+ D=4
3.2t A-2B+(C=-2 = A-2B-A=-2 = -2B=-2 = B=1

11



4. 2%: —2A+ B—C + D = 0. Substitute B=1 and B — C + D = 4 into this:
—2A4+(B-C+D)=0 = —24+4+4=0 = A=2

From the other equations:
e (=—-A = C=-2
e B—C+D=4 = 1-(-2)+D=4 = 3+D=4 = D=1

So,
—2x +4 _ 2z+1 2 1

@@ —1P 241 1-1 " @=-17

Example 5.5 (Integration with Partial Fractions (Note Example)). [ Mp%mdx.

1. Factor denominator: x(x? + 3z — 10) = x(x + 5)(x — 2).

2. Set up fractions:

x+4 é+ B n C
x(x+5)(x—2) =z x+5 x-—2

3. Solve for A, B, C (Cover-up Method):

. ForA(cover:c,plugina::O):A:%—_Am:—

. _ —5+4 _ —1 _ 1
B=mGg = - B

(ST

e For B (cover z + 5, plug in x = —5)

e For C (cover x — 2, plug in z = 2): C = (2)2(—5i5) 1% %

/ <_52x N 35(:p1+ 5 " 7(:133 2)> dz

2 1 3
:—5ln\x|—£1n|:17—|—5\+?1n\:n—2|+0

4. Integrate:

5.3 0Odd and Even Functions
This is a simplification for integrals over symmetric intervals, like ffa f(z)dz |1, Sec 1.3.1].

e An even function is symmetric about the y-axis, where f(z) = f(—z).
flx)dx = 2/ f(x)dx
—a 0

e An odd function is anti-symmetric, where f(x) = —f(—x).

’ f(x)dx =0

—a

Example 5.6 (Odd Function). f(z) = ze~*"/2is odd, since f(—z) = (—z)e~("2)*/2 = —ge=2"/2 =
—f(x). Therefore, fi ze= 2y = 0.

5.4 Completing the Square

Used to transform quadratic forms into standard integral forms.

12



0Odd vs. Even Functions over a Symmetric Interval [-3, 3]

Even Function: f(x) = f(-x) 0Odd Function: f(x) = -f(-x)

0 0.6 1 — f(x) = xe*22
Positive Area
0.4 Negative Area

-10

f(x)
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o
o

=15 -0.2 1

-20

— f(x) = x? - 0.4x* —0.6
I

-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3

Figure 6: Odd vs. Even functions over a symmetric interval.

24

Example 5.7 (tan~! form (Note Example)). [ m Complete the square on the denomi-
nator: e’ + 4z +2=4(z +z2)+2=4@>+2+ ) -1+2=4(x+3)?+1=(2z+1)?2 + 1.

The integral becomes [ (Mﬁﬁ. Let u =2x 4+ 1, du = 2dz = dx = du/2.

du/2 1 [ du 1 1,
/u2+1 2/u2+1 5 tan (u) +C 5 tan 2z+1)+C

Example 5.8 (sin™! form (Note Example)). [ \/% Complete the square on the denominator:

20 — 22 = —(22 - 22) = —(22 - 22 +1—-1) = —((z —1)2—-1) = 1 — (x — 1)2. The integral
dx — —

becomes [ 2 Let u=2x—1, du = dx.

=sin"Y(u)+C =sin"Hz—1)+C

/ du
V1 —u?
5.5 The Fundamental Theorem of Calculus

The FTC links integration and differentiation, and is the formal basis for the relationship between
a Probability Density Function (PDF) and a Cumulative Distribution Function (CDF) [1, Sec
1.3.2].

Theorem 5.9 (Fundamental Theorem of Calculus [1]). Let f be a continuous function on [a,b].

f@) =5 [

Example 5.10. Consider f(t) = t*. The integral from 0 to z is F(z) = [, t*dt = [%F =Z.

3

The derivative of F(z) is F'(z) = & (%) = 22, which is f(z).

5.6 The Gaussian Integral

A famous definite integral that is central to probability and the normal distribution.
o0 2
I= / e Vdr =1
—o0

Proof (using Polar Coordinates):

1. Square the integral and use different dummy variables:

I? = (/ e_x2dx> </ e_yzdy) :/ / e_(x2+y2)d:xdy

13



FTC: Area Under PDF is the Value of the CDF

Probability Density Function (PDF) Cumulative Distribution Function (CDF)
— f(x) =e 10 F(x)=1-e

1.0 4

————————————————— #F(2) ~ 0.86
i
i

0.8 0.8

0.6 0.6

f(x)
F(x)

0.4 0.4
Area = [oX(t)dt

021 = 0.86 02

0.0 0.0

N e

Figure 7: Illustration of the FTC via a PDF f(z) and its CDF F(z) = [ f(t)dt.

2. Convert to polar coordinates: 22+y? = r? and dxdy = rdrdf. The region (entire xy-plane)
becomes r € [0,00) and 6 € [0, 27).

27 ')
I? = / </ e_rzrd7“> do
0 0

3. Solve the inner integral with substitution (u = r?,du = 2rdr = rdr = du/2):
* e © _du 1. _ 1 1
/0 errdr—/o 6“7:5[—6 “]8":5(0—(—1)):5

4. Solve the outer integral:

= /0% G) do = %[9]3” _ %(277) -

Since I? = 7, we have I = /7.

Generalized Gaussian Integral: A more general form used in statistics is:

o0 2
/ e “dx =
—0o0

eI
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