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Abstract

This document covers foundational concepts in probability theory. Key top-
ics discussed include conditional probability (definition, properties, multiplication
rule), statistical independence (definitions via product rule and conditional proba-
bility, properties, distinction from disjoint events, independence of multiple events),
the law of total probability, and Bayes’ theorem (including its proof and the full
formula incorporating total probability). This material is synthesized from faculty-
provided resources ([1]) and standard probability textbooks by Sheldon M. Ross
([2]) and Stanley H. Chan ([3]).
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1 Applications of Total Probability and Bayes’ The-

orem

Two fundamental principles frequently applied in probability are the Law of Total
Probability, which facilitates calculating the probability of an event by partitioning
the sample space, and Bayes’ Theorem, which enables the calculation of posterior

probabilities by ”inverting” conditional probabilities.

Example 1.1 (Tennis Tournament / Player Types [1, 3]). (Example) Consider a tennis

tournament with three categories of players: A, B, and C.

e Prior Probabilities (Partition): The distribution of player types is:

~ P[A] =05
~ P[B] =025
~ P[C] = 0.25

These form a partition as A, B, C' are disjoint and P [A] + P [B] + P[C] = 1.

e Conditional Probabilities (Win Rates): Let W denote the event that you win

a match. Your probability of winning depends on the opponent’s type:

— P[W | Al =0.3
— P[W | B] =04
~P[W|C] =05

Question (a): Determine the overall probability of winning a randomly selected match,
P [W].

Applying the Law of Total Probability, we sum the win probabilities over the partition
{A, B, C}:

e Formula: P[W|=P[W | A|[P[A]|+P[W | B|P[B|+P[W | C]P[C] [1, 3].

e Calculation:

P [W] = (0.3)(0.5) + (0.4)(0.25) + (0.5)(0.25) = 0.15 + 0.10 + 0.125 = 0.375

Question (b): Given that you have won a match, what is the probability that your
opponent was a type A player, P[A | W]?
Applying Bayes’ Theorem, we calculate the posterior probability:

e Formula: P[A | W] = 22l (1, 3],



e Calculation: 0.3)(0.5 015
()()— i =04 [1,3]

PlA = = =
AW 0.375 0.375

Example 1.2 (Laboratory Blood Test (Base Rate Fallacy) [2]). (Example) This exam-

ple illustrates the importance of base rates in conditional probability calculations.

e Problem: A diagnostic test for a specific disease has the following characteristics:

— Sensitivity: The test correctly identifies the disease (positive result) in 95% of

cases where it is present.

— False Positive Rate: The test incorrectly indicates the disease (positive result)

in 1% of cases where it is absent [2].
e Base Rate: The prevalence of the disease in the population is 0.5% (or 0.005).

e Question: If a randomly selected individual tests positive, what is the probability

they actually have the disease?
Setup:
e Let D be the event that the person has the disease. P [D] = 0.005.
e Let D¢ be the event that the person is healthy. P[D¢] =1 — 0.005 = 0.995.
e Let E be the event that the test result is positive.
Conditional Probabilities:
e P[E | D] =0.95 (Sensitivity).
e P[E | D] = 0.01 (False Positive Rate).
Goal: Calculate P [D | E].
e Step 1: Calculate P[FE] using the Law of Total Probability.
P[E|=P[E | D]P[D]+P[E | D|P[Df]
P [E] = (0.95)(0.005) + (0.01)(0.995) = 0.00475 -+ 0.00995 = 0.0147
e Step 2: Apply Bayes’ Formula.
P[E|D|P[D]  (0.95)(0.005)

P[D | E] = = ~ 0.323
D] E] P [E] 0.0147

Conclusion: Despite the test’s 95% sensitivity, the probability that a person with a
positive test result actually has the disease is only approximately 32.3%. This highlights

the impact of the low base rate of the disease [2].
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Example 1.3 (Multiple Choice Test [2]). (Example) This example demonstrates Bayesian

updating of belief based on evidence.
e Problem: A student answers a multiple-choice question with m options [2].
— The probability the student knows the answer is p.

— The probability the student guesses is 1 — p.

— If guessing, the probability of selecting the correct answer is 1/m.

e Question: Given the student answered correctly, what is the probability they knew

the answer?
Setup:

e Let K be the event the student knows the answer. P [K] = p.
e Let K¢ be the event the student guesses. P[K°] =1 —p.

e Let C be the event the answer is correct.

Conditional Probabilities: P[C' | K] = 1 and P[C' | K¢] = 1/m. Goal: Calculate
P[K | C].

e Step 1: Calculate P[C] using the Law of Total Probability.
P[C]=P[C | KIPIK]+P[C | K|P[K]

P[C] = (1)(p) + (1/m)(1 —p)

e Step 2: Apply Bayes’ Formula.

P[C | K|P[K] p
PK | C] = _
K=" = prma—p
Simplifying yields: P[K | C] = %.

For instance, if m =5 and p = 0.5, then P [K | C] = 1+5(£1())'(5())_5) =25 =5/6 [2].

2 Conditional Probability

Conditional probability addresses the likelihood of an event occurring given that another
event has already occurred. This knowledge often modifies the original probability assess-
ment [3, 1]. In many situations, we do not know the precise outcome of an experiment,
but we have partial information suggesting that the outcome belongs to a specific event
(subset of the sample space). Conditional probability formalizes reasoning under such

partial information [1].



Example 2.1 (Intuitive Example [2]). (Example) Consider the experiment of tossing

two fair dice.

e The probability that the sum is 6 is P [Sum = 6] = 5/36. The sample space consists
of 36 equally likely outcomes. The event includes {(1,5),(2,4), (3,3),(4,2),(5,1)}.

e Suppose it is known that the first die resulted in a 4 [2].

e This information reduces the effective sample space to 6 outcomes:

{(4,1),(4,2),(4,3),(4,4), (4,5), (4,6)} [2].

e Assuming these outcomes remain equally likely within the reduced space, each now
has a probability of 1/6 [2].

e Within this reduced sample space, only the outcome (4,2) results in a sum of 6.

e Thus, the conditional probability that the sum is 6, given the first die was 4, is 1/6.

2.1 Formal Definition

The intuition involves considering the conditioning event F as the new (reduced) sample
space. For event E to also occur under this condition, the outcome must lie within the
intersection £ N F. The probability is then normalized by the probability of this new
sample space, P[F] [2, 3, 1].

Definition 2.1 (Conditional Probability [2, 3, 1]). (Definition) Given a probability
space (2, F,P[-]), the conditional probability of event E given that event F has oc-
curred (assuming P [F] > 0) is defined as:

pig | p) e BLEOL] g{;}F )

2.2 The Multiplication Rule
Rearranging the definition provides the multiplication rule:
PENF|=P[F|P[E | F] (if P[F]>0)

This rule is fundamental for calculating the probability of the simultaneous occurrence

of events, particularly in sequential experiments [1].

Example 2.2 (Drawing from an Urn [2]). (Example)



Comparison of Joint and Conditional Probability

Joint Probability: P(A n B) Conditional Probability: P(A|B)
0 Q
A B i A B
P(AnB)=Area(AnE) P(AlB)=Area(AnB)

Area(Q) Area(B)

Figure 1: Comparison of joint probability P[A N B] and conditional probability P[A | B] [3].

e Problem: An urn contains 7 black and 5 white balls. Two balls are drawn se-
quentially without replacement. Calculate the probability that both drawn balls are
black [2].

e Let F' be the event that the first ball drawn is black.

e Let I be the event that the second ball drawn is black.

o We seek P[EN F.

e The probability of the first ball being black is P [F] = 7/12.

e Given the first was black, there are 6 black and 5 white balls remaining (11 total).
Thus, the conditional probability of the second being black given the first was black
isP[E| F|] =6/11 [2].

e Applying the multiplication rule: P[ENF] =P [F|P[E | F] = (1—72) (i) =42

2.3 Examples of Calculating Conditional Probability

Example 2.3 (Die Roll [3, 1]). (Example)

e Experiment: Roll a fair six-sided die. Let A = {outcome is 3} and B = {outcome is odd}
3]-

e Calculate P[A | B] and P[B | A].
Probabilities:

o P[A] =P[{3}] = 1/6.



e P[B]=P[{1,3,5}] =3/6=1/2.
e ANB={3}. P[ANB]=1/6.
Calculations:

e PIA|B] = % = % = 1/3. Interpretation: Given the outcome is odd, the
reduced sample space is {1, 3,5}, making the probability of getting a 3 equal to 1/3
[3].

e P[B|A] = P[Pf‘[g]B] = % = 1. Interpretation: Given the outcome is 3, it is certain
(probability 1) that the outcome is odd [3].

Example 2.4 (Tetrahedral Die [3]). (Example)

e Experiment: Roll a fair 4-sided die twice. Let X be the result of the first roll and Y
the result of the second. The sample space has 4 x 4 = 16 equally likely outcomes.

e Define events: B = {min(X,Y) =2} and M = {max(X,Y) = 3}.

e Question: Calculate P [M | BJ.

Visualizing Events for Two 4-Sided Die Rolls

Event B: min(X, Y) = 2 Event M: max(X, Y) = 3 Intersection: Mn B

Y (Second Roll)
Y (Second Roll)

Y (Second Roll)

1 2 3 4 1 2 3 4 1 2 3 4
X (First Roll) X (First Roll) X (First Roll)

Figure 2: Visualization of events B, M, and their intersection for the 4-sided die example [3].

Probabilities:

e Event B consists of 5 outcomes: P[B] = 5/16.

e Event M N B consists of 2 outcomes: P[M N B] = 2/16.
Calculation:

P[MNB] 2/16

PIM | B] = P[B] ~ 5/16

=2/5 [3]



2.4 Conditional Probability as a Probability Measure

For a fixed event B with P [B] > 0, the function P[- | B] mapping events A to P[A | B]
satisfies the three axioms of probability [1, 3].

1. Axiom I (Non-negativity): P[A | B] >0 [1, 3].
2. Axiom II (Normalization): P[Q | B] =1 [1, 3].

3. Axiom IIT (Additivity): If A and C are disjoint events, then P[AUC | B] =
P[A| B]+P[C| B] [1, 3].

Proof. (Proof) The proofs follow directly from the definition of conditional probability
and the axioms satisfied by the original probability measure P[-] [1, 3].

1. Non-negativity: Since P[AN B] > 0 and P[B] > 0, the ratio P[A | B] = Mﬁ;ﬁ

must be non-negative.

2. Normalization: P[Q) | B] = PE}S}[;?] = % =1

3. Additivity:

PMUCHﬂzmmﬁgmm (by def.)
_P (AN ?;))[;](C N B) (Distributive Law)

Since A and C are disjoint, (AN B) and (C'N B) are also disjoint [1, 3].

P[ANB|+P[C N B] .
= PlE| (Axiom III for P)
_P[AnB] P[CNB]
- P[B] * P [B]

=P[A|B]+P[C| B

3 Statistical Independence

3.1 Definitions

Statistical independence captures the notion that the occurrence (or non-occurrence) of

one event provides no probabilistic information about another event.



Definition 3.1 (Independence - Product Rule [1, 3, 2]). (Definition) Events E and F

are statistically independent if and only if:
P[ENF]=P[E]P[F]

Definition 3.2 (Independence - Conditional Rule [3, 2]). (Definition) Events E and F
(with P [F] > 0) are independent if and only if:

P[E | F] = P[E]

Equivalently, if P[E] > 0, independence holds if P[F' | E] = P[F] [3, 2]. This means
knowledge that F has occurred does not affect the probability that E occurs [2].

Remark 3.1. (Remark) The two definitions are equivalent. If P[E | F] = P [E], substi-

tuting into the definition of conditional probability yields ng[;f] = P [E], which directly

implies P [E N F| = P[E]P[F] (assuming P [F] > 0) [3, 1].

Visual Interpretation of Independence

__Area(AnB) _ Area(A) _
P(A|B) = Area(B) ~ Area(Q) P(A)

Figure 3: Visual interpretation of Independence: P[A | B] = P [A] [3].
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3.2 Distinction: Independent vs. Disjoint

It is crucial to differentiate between independent events and disjoint (mutually exclusive)

events [3]. These concepts are fundamentally different.
e Disjoint: Events cannot occur simultaneously (AN B = (), thus P[AN B] = 0).

e Independent: Occurrence of one event does not alter the probability of the other
(P[ANB]=P[A]P[B]).

If P[A] > 0 and P[B] > 0, disjoint events are necessarily dependent. Knowing A
occurred implies B did not occur (P[B | A] = 0, which is generally not equal to P [B])
[3]-

Independence vs. Disjointness

Independent Events Disjoint (Mutually Exclusive) Events

Q Q

P(A|B) = P(A) AnB=@=P(AnB)=0

Figure 4: Comparing Independence (P [A | B] = P[A]) and Disjointness (AN B = () [3].

3.3 Properties of Independence

A key property is that if events A and B are independent, then their complements are

also independent in any combination [1].

Theorem 3.1 (Independence of Complements [1]). (Theorem) If A and B are inde-

pendent events, then the following pairs are also independent:
1. A and B
2. A and B¢

3. A°¢ and B¢
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Proof (that A and B¢ are independent). (Proof) Event A can be partitioned into two
disjoint sets: A = (AN B)U (AN B°) [1]. By Axiom III: P[A] =P[AN B]+P[AN B°].
Since A and B are independent, P[A N B] = P [A]P[B]. Substituting: P[A] = P [A]P[B]+
P[AN B¢. Rearranging: P[AN B¢ = P[A] — P[A]P[B] = P[A](1 — P[B]). Since
1 —P[B] = P[B¢, we have P[AN B¢] = P[A]P[B°]. By Definition 3.1, A and B¢ are

independent. (Proven). The other cases follow similar logic [1]. O

3.4 Examples of Independence

Example 3.1 (Die Roll [3, 2]). (Example)

e Experiment: Roll two fair six-sided dice. Sample space has 36 equally likely out-

comes.
e Let A= {first die is 3}. Then P[A] = 6/36 = 1/6.

o Let B = {sumis 7}. B = {(1,6),(2,5),(3,4),(4,3),(5,2),(6,1)}. P[B] = 6/36 =
1/6.

e The intersection is AN B ={(3,4)}. P[AN B] =1/36.

Check Independence: We compare P[A N B] with P[A]P[B].
PIAJP[B] = (1/6)(1/6) = 1/36

Since P[AN B] =P [A]P|[B], events A and B are independent [3, 2].
Example 3.2 (Die Roll (Dependent) [2, 3]). (Example)

e Same experiment as above.

e Let A= {first die is 3}. P[A] = 1/6.

e Let B={sumis 8}. B={(2,6),(3,5),(4,4),(5,3),(6,2)}. P[B] =5/36.

e The intersection is AN B = {(3,5)}. P[AN B] =1/36.

Check Independence: We compare P[A N B] with P[A] P [B].
P[A]P[B] = (1/6)(5/36) = 5/216

Since P[AN B] # P[A]P[B] (1/36 # 5/216), events A and B are dependent [3]. In-
tuitively, knowing the first die is 3 increases the chance the sum is 8 compared to the

baseline probability of the sum being 8.
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3.5 Independence of Multiple Events

The concept extends naturally to collections of more than two events.

Definition 3.3 (Independence of n Events [1, 2]). (Definition) A collection of events
Ey,Es, ..., E, is said to be mutually independent (or simply independent) if, for

every subcollection of k events {E;,, E;y, ..., E; } (where 2 < k < n):

17 27 °

P[E, NE,N...NE;]=P|[E,P[E,]...P[E;]

This condition must hold for all pairs, all triplets, ..., and for the intersection of all n

events [2, 1].

Remark 3.2 (Pairwise vs. Mutual Independence [2, 3]). (Remark) It is important to
note that events can be pairwise independent (meaning P [E; N E;| = P[E;]P[E}] for
all i # ) without being mutually independent (the product rule fails for some triplet or
larger subset). Mutual independence requires the product rule to apply to all possible
subsets [2, 3].

Example 3.3 (Pairwise vs. Mutual Independence [2]). (Example)
e An urn contains 4 balls labeled 1, 2, 3, 4. One ball is drawn randomly.
e Define events: £ = {1,2}, FF = {1,3}, G = {1,4}.
e PIE|=P[F]=P[G] =2/4=1/2.
Pairwise Independence Checks:
e PIENF|=P[{1}] =1/4. P[E]P[F] = (1/2)(1/2) = 1/4. They are equal.
e PIENG]|=P[{1}] =1/4. P[E|P[G] = (1/2)(1/2) = 1/4. They are equal.
e PIFNG|=P[{1}] =1/4. P[F|P[G] = (1/2)(1/2) = 1/4. They are equal.
Thus, E, F, and G are pairwise independent [2]. Mutual Independence Check:
e PIENFNG]|=P[{1}] =1/4.
e PIE|IP[F|P[G] = (1/2)(1/2)(1/2) = 1/8.

Since P[EN F NG| #PE]|P[F]P|G], the events E, F, G are pairwise independent but

not mutually independent [2].
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4 Law of Total Probability

This law provides a method to calculate the probability of an event B by conditioning on
a partition of the sample space [1]. It decomposes the calculation of P [B] into simpler

conditional probabilities.

Definition 4.1 (Partition [1]). (Definition) A collection of events {A;, Ay, ..., A, } is

a partition of the sample space €2 if:

1. The events are mutually exclusive (disjoint): A; N A; =0 for all i # j.

2. The union of the events covers the entire sample space: |J;_; A; = (2.
Essentially, exactly one of the events A; must occur [2].

Theorem 4.1 (Law of Total Probability [2, 3, 1]). (Theorem) Let {A;, As, ..., A} be
a partition of the sample space , such that P [A;] > 0 for all i. Then for any event B:

P(B =3 P(BnA] =S P[B| A]P[A]

Proof. (Proof) Since {A;,...,A,} is a partition of 2, the sets {BN Ay,...,BNA,}
form a partition of event B. That is, B = [J;_,(B N 4;), and these intersection events
(BN A;) are mutually exclusive because the A; are mutually exclusive [1, 3]. By Axiom

IIT of probability (additivity for disjoint events):

n

U na)

=1

n

=Y P[BNA]]

=1

P[B] =P

Applying the multiplication rule P[BN A;] = P[B | A;]P[A;] (since P[A;] > 0) to each

term yields the result:

P[B] = ZP[B | Ai]P[Ai]

(Proven) [1, 3, 2]. O

Remark 4.1. (Remark) The Law of Total Probability states that P [B] is a weighted
average of the conditional probabilities P[B | A;], where the weights are the probabilities
P[A;] of the events in the partition [2, 3]. It allows computing P [B] by first conditioning

on which of the mutually exclusive and exhaustive events A; occurs [2].

5 Bayes’ Theorem

Bayes” Theorem relates the conditional probability of an event A given B to the condi-

tional probability of B given A. It is fundamental for statistical inference and updating

14



Visualization of the Law of Total Probability

Event B Overlapping a Partition of Q PB) = ZP(B nAj)

P(BnAs)
A Az As

P(Bn A1)

P(BnA)

Figure 5: Visualization of the Law of Total Probability [3, 1].

beliefs based on evidence [3].

Theorem 5.1 (Bayes’ Theorem [2, 3, 1]). (Theorem) Let A and B be events with
P[A] > 0 and P[B] > 0. Then:

P[B| AP [A]

P[A|B] = HL[B]

Proof. (Proof) The theorem follows directly from the definition of conditional proba-
bility and the commutative property of intersection [3, 1]. From the multiplication rule,

we have two expressions for the joint probability P[A N BJ:
1. P[ANnB]=P[A| B]P|B]
2. PIANB]=P[BNA]=P[B| AlP[A]

Equating the right-hand sides gives:
PlA ] B]P[B] =P[B | A|P[A]

Dividing by P[B] (which is non-zero by assumption) yields Bayes’ Theorem. (Proven).
[

5.1 Bayes’ Formula with Total Probability

Often, the denominator P [B] in Bayes’ Theorem is not directly known. If we have a
partition {A;, ..., A,} of the sample space, we can compute P [B] using the Law of Total
Probability. Substituting this expansion into Bayes’ Theorem gives the commonly used

form:
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Corollary 5.1 (Full Bayes’ Formula [2, 3, 1]). (Corollary) Let {Ai,..., A,} be a par-
tition of Q with P [A;] > 0 for alli. Then for any event A; in the partition and any event
B with P [B] > 0:

P(B | AP [A]]
PA; | B] = S P[B|A]P[A]

This formula allows us to calculate the posterior probability P [A; | B using the prior
probabilities P [A;] and the likelihoods P [B | A;] [2, 3].

Remark 5.1 (Terminology [3]). In the context of Bayes’ Theorem P[A | B] = P[BHL’FE];T[A]:

e P[A] is often called the prior probability of A (belief before observing B).
e P[A | B] is the posterior probability of A (updated belief after observing B).
e P[B | A] is the likelihood of observing B given A occurred.

e P [B] is the evidence or marginal probability of B.

6 Advanced Application: The Three Prisoners Prob-

lem

Example 6.1 (The Three Prisoners Problem [3, 2]). (Example) This problem illustrates

potential pitfalls in intuitive reasoning about conditional probability.

e Setup: Prisoners A, B, C. One chosen randomly (prob 1/3 each) to be sentenced,
the other two pardoned. Prisoner A asks a guard, who knows the outcome, to name
one of the other prisoners (B or C) who will be pardoned. The guard complies (if
A is to be sentenced, the guard randomly chooses between B and C to name; if B
is sentenced, guard names C; if C is sentenced, guard names B). Suppose the guard

names B [3].

e A’s (Flawed) Reasoning: "Initially, P [A sentenced] = 1/3. After the guard says
B is pardoned, only A and C remain as possibilities for sentencing. My probability
must now be 1/2.” [3, 2].

e Analysis: Let X4, Xp, X¢ be the events that A, B, C are sentenced, respectively
(P[X4] = P[Xg] = P[X¢] = 1/3). Let Gp be the event the guard says B is
pardoned. We want to compute P [X, | Gg].

e Guard’s Protocol (Likelihoods): Based on the rules the guard follows:

— P[Gp | Xa] = 1/2: If A is sentenced, B and C are pardoned; guard chooses

one randomly [3].
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— P[Gp | Xp| = 0: If B is sentenced, guard cannot name B [3].
— P[Gp | X¢| = 1: If C is sentenced, A and B are pardoned; guard must name
B [3].

e Evidence P [Gp] (using Law of Total Probability):

PGy =P[Gp | Xa|P[Xa] + PG | X5]P[X5] +P[Gs | Xc]P[Xc]
= (1/2)(1/3) + (0)(1/3) + (1)(1/3) = 1/6 + 0+ 1/3=1/2 [3]

e Posterior Probability P [X, | Gp] (using Bayes’ Theorem):

PlGp | XalP[Xa] _ (1/2)(1/3)

PIXalGsl=——pG, ~ 1%

=1/3 [3]

Conclusion: Prisoner A’s probability of being sentenced remains 1/3, unchanged by the
guard’s statement. The guard’s statement GG g provides no information about A’s fate
because the events X, and G are independent in this scenario. A’s intuitive reasoning
was flawed because it didn’t correctly account for the conditional nature of the guard’s
statement [3, 2].

7 Random Variable (Brief Definition)

Definition 7.1 (Random Variable [1]). (Definition) A Random Variable (RV), typ-
ically denoted by a capital letter (e.g., X), is a function that maps outcomes w from a

sample space ) to real numbers (R) [1].
X:Q—-R

It is a way to assign a numerical value to the result of a random experiment.
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A Random Variable X as a Mapping from Q to R

Q
o W1
X(w1) o W2
X(w3)
o W3
X(w3)

® . ° : ® — R
2 1 0 1 2

Figure 6: Visualization of a Random Variable as a function mapping outcomes to real numbers
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